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Abstract. We prove new borderline regularity results for solutions to fully nonlinear elliptic equations 
together with pointwise gradient potential estimates. 

1. Introduction 

The aim of this paper is to give borderline regularity results and potential estimates for viscosity solutions 
to fully nonlinear elliptic equations of the type 

(1.1) F(x,D 2 u) = f 

in fl. Here and in the following SI will denote an open subset of R™, n > 2. The final outcome is that 
classical sharp results valid for the Poisson equation - An = / and allowing to find the best function space 
conditions on / in order to guarantee certain borderline regularity properties of Du such as boundedness, 
continuity, BMO/ VMO-regularity etc, are extended verbatim to the fully nonlinear case (|1.1|) . This will 
follow from the fact that classical pointwise estimates for solutions via linear potentials will here find a 
suitable analog in the fully nonlinear situation. 

First of all, let us introduce the general setting; throughout the paper, according to [4], we shall assume 
the ellipticity and growth conditions 

(1.2) V~{X-Y) <F(x,X)-F(x,Y) <V + (X-Y), 

where x £ and I,F E S( n ) are symmetric square matrices and V~ and V + are the standard Pucci's 
extremal operators defined as 

V~(X) = X ^2 Xj + A ^ Xj , V+(X) = A A i + A E A i> 

A •" Aj<0 Aj>0 Aj<0 

(Aj)" =1 being the eigenvalues of X £ S(n) and A > A > 0. For basic properties of Pucci's operators and 
basic notation on fully nonlinear elliptic equations we refer to [4]. For simplicity we shall consider the 
additional assumption F(x, 0) = 0, which is actually not restrictive for the kind of results we are going to 
prove here. 

The analysis of fully nonlinear equations can be carried out only starting from a certain regularity of 
the source term as widely explained in [5J [21 [7] . More precisely, a suitable assumption for regularity is 

/ e L p (ft) , where p > n E £ (n/2, n) 

and the exponent tie depends only on n and the structure/ellipticity constants A, A; this essentially follows 
joining the basic analysis of Caffarelli [2] - who considered / £ L n , which is natural to apply the ABP 
principle - with suitable reverse Holder inequalities valid for the fundamental solutions to certain linear 
elliptic equations, as shown by Escauriaza in [7J. Henceforth, in this paper, we shall consider only the case 
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/ G LP for p > tie- Moreover, in the following, after defining / = outside Q, we shall assume, without 
loss of generality, that / G LP(W l ). 

Our leading regularity assumption on x i— > F(x, •), initially assumed to be measurable, generalizes that 
of plain continuity; we define 



Note that the averaged operator satisfies (|1.2j) whenever the original one F does. We say that F(-) has 
0-BMO coefficients for positive 8 if there exists a positive radius Rg such that ui(Rg) < 9. Notice that 
this formulation of coefficient regularity is slightly different from the original ones considered in [2J HJ [19] 
but the definition considered here leads to similar considerations (observe that x H> F(x, •) is bounded by 



Finally, we recall that, due to the low integrability of the datum /eL p and to the low regularity of the 
x-coefficients of F(-), in this paper we shall always be dealing with LP- viscosity solutions of F(x, D 2 u) = f 
in the sense specified in [5j [19] . 

The type of results we are discussing here are concerned with borderline gradient regularity which can 
be considered as a limit case of those proved in [2] [4] [20] [21] . The first main result in this respect is the 
following: 

Theorem 1.1 (Lorentz space regularity). Let u be an LP '-viscosity solution to the equation 
F(x,D 2 u) = f, p > he- There is 6 G (0,1) depending only on n, A, A such that if F(-) has 9-BMO 
coefficients and f G L(n, 1), that is if 



then Du is continuous. 

The previous result actually comes along with an explicit estimate on the modulus of continuity of Du 
that can be seen to locally depend only on the i°°-norm of Du and on the quantity appearing in the last 
display; see Remark |3. II below. The sharpness of the previous result is testified by the borderline character 
of the space L(n, 1) for the case —Am = / with respect to the Lipschitz regularity. Indeed, in general Du 
is unbounded if / G L q with q < n while we notice that L q C L(n, 1) C LP for every q > n, with all the 
inclusions being strict. The exact definition of general Lorentz spaces appears in Section 2 below. 

The estimates in this paper are motivated by recent results for equations in divergence form, for which 
pointwise bounds via potentials are available both for u and Du no matter of the nonlinearity of the 
operators considered (see for instance [12] [13l [14j [22] [23] and [17] for a survey of results). In particular, for 
solutions to - Am = / the estimate 



ui(R) := sup sup + 

g<R yen,YeS(n)\{0} J B e {y) 

where the averaged operator (F)B e ( y )(Y) is defined as 



\F(x,Y)-(F) Be{y) (Y) 



dx , 




JO}). 




(1.3) \Du(x)\ < cl[(x,r) + c 4 \Du\dy 

J B r (x) 

holds for a.e. x, where l{(x, r) denotes the truncated Riesz potential of / 
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see details for example in [17l Section 5]. For fully nonlinear equations, the analogous estimates do not seem 
to be known. Such lack of estimates is expected as the natural minimal assumption for / is that it belongs 
to L p , p > tie- The path to a natural fully nonlinear counterpart for the classical potential estimate and 
consequent sharp borderline regularity results is instead to consider the L p version of the classical Riesz 
potential: 

l{(x,r) := f I \f(y)\dydg< f ( -f \f(y)\ p dy] do =: V p {x,r) . 

JO JB e (x) JO \JB e (x) J 

We are going to show that the last quantity - that we consider as a "modified Riesz potential" - is indeed a 
suitable replacement of l{ in order to develop potential estimates analogous to the one in (|1 .3[) for solutions 
to fully nonlinear equations. Especially, it can be used to derive a sharp continuity criterion for the gradient. 
The results are the following two theorems. 

Theorem 1.2 (Gradient potential estimate). Let u be an L p -viscosity solution to the equation F{x, D 2 u) = 
f under the assumption (jl.2p . p > tie- Then, for any q > n, there are constants c > 1 and 8 £ (0,1), 
both depending only on n, A, A,p, q, such that if F(-) has 8-BMO coefficients, i.e. there is Re > such that 
uj(Ro) < 0, then 

\Du(xo)\<cV(x,r)+c\ f \Du\ q dx) 

\JB r (x ) J 

holds whenever B r (xo) C £1, where xo is a Lebesgue point of Du and r < Rg. Moreover, if F{-) is 
independent of x, no restriction on r is necessary. 

Theorem 1.3 (Gradient continuity via potentials). Assume that u is an L p -viscosity solution to the equa- 
tion F(x,D 2 u) = f under the assumption (jl.2l) . p > ue- There is 9 G (0, 1) depending only on n,p,X,A 
such that if F(-) has 8-BMO coefficients and ifl^(x, r) — > as r — > uniformly in x, then Du is continuous. 
Moreover, whenever f2' <<= f2" C= Q are open subsets, and S £ (0, 1], the following holds: 

\Du(xi) — Du(x2)\ 

(1.4) <c\\Du\\ Lao{n „ ) \x 1 ~x 2 \ a( - 1 ^ +c sup I f p (x,4\ Xl - x 2 \ 5 ) 

for all X\,xi £ fl' , where c = c(n,p, A, A, fi', f2", w(-)) and a = a(n,p, A, A). 

An alternative form of the above continuity estimate, independent of the open subset considered is 
available in ()3.10j) below. 

Further results follow as a by-product of our estimate. Regularity results in VMO and BMO spaces, 
reproducing in the fully nonlinear case those known for the Poisson equation, can now be proved. Indeed, 
the following holds: 

Theorem 1.4. Let u be an L p -viscosity solution to the equation F(x, D 2 u) = f under the assumption (|1.2[) . 
p > he- There exists a constant 8 £ (0,1), depending only on n,X,A,p, such that if F{-) has 8-BMO 
coefficients, then 

(1.5) sup r p ~ n [ \f\ p dx < oo 

B r {x ) JB r {x ) 
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implies that Du G BMO holds locally in Q. In particular f 6 L(n, oo) implies the local BMO -regularity of 
Du. Moreover, if 

(1.6) limr p -" / \f\ p dx = Q 

JB r (x ) 

holds locally uniformly with respect to xq, then Du G VMO holds locally in fi. 

We notice that a conditions as (|1.5p - (|1.6j) appear to be dual borderline ones of those considered by 
Caffarelli [3], who proved C 0, "-estimates for Du assuming that 

sup r"' 1 -"'-" f |/|" dx < oo. 

B r (x ) JB r (x a ) 

Moreover, borderline BMO results for second derivatives have been established in [6]. See also jT5j Theorem 
1.12] for an analogous result to Theorem II .41 valid for degenerate quasilinear equations. 

Furthermore, the potential estimate in Theorem 11.21 plays the role of the classical linear potential esti- 
mates via Riesz potentials for equations as —Au = f and indeed it allows to prove refined versions of the 
classical VF^-estimates for instance in interpolation spaces, something that seems otherwise unreachable 
with the available techniques. For instance, the next result deals with sharp estimates in interpolation 
spaces like Lorentz spaces L(g, 7) and Morrey spaces L q,s whenever q > Uk, while no interpolation theory 
seems to be available for fully nonlinear elliptic equations. Basic definitions and properties of these spaces 
will be given in Section 12.21 below. 

Theorem 1.5. Let u be an L p -viscosity solution to the equation F(x, D 2 u) = f under the assumption (|1.2j) . 
p > he- There exists a constant 9 G (0,1), depending only on n,X,A,p, such that if F{-) has 0-BMO 
coefficients, then 

(1.7) / G L(q, 7) Du G L(nq/ (n — q), 7) whenever 7 > 0, q G (p, n) 
and 

(1.8) / G L q ' s =^DuE L eq K s - q)fi for p < q < s < n 
hold locally in fi. 

We note that both (|1.7j) and (|1.8[) are sharp already in the case — Au = /, and (|1.8[) is indeed the fully 
nonlinear counterpart of some classical results of Adams [T|. On the other hand, Theorem 11.51 extends the 
estimates of Swiech [19] to the case of Lorentz and Morrey spaces. 

The rest of the paper is now structured as follows; we will first prove Theorems 11.21 and 11.31 while the 
proof of Theorem 11.41 will be obtained by modifying the arguments introduced for Theorem 11.31 Finally, 
Theorems 11.11 and 11.51 will be obtained as a corollary of Theorem 11.31 and 11.21 respectively. To conclude 
this section we briefly describe the notation adopted here; in the following c will denote a general constant 
larger than one, and relevant dependence on parameters will be emphasized in parentheses, for instance, 
c = c(n,p, A, A). The ball of radius r and center x shall be denoted by B r (x) and if there is no confusion 
about the center, simply by B r . In the following, given a set A C R n with positive measure and a map 
g G L 1 (A,R"), we shall denote by (g)A '■= f J 4 L d(y)dy its integral average over the positive measure set 
A. As for the notation concerning the regularity theory for fully nonlinear elliptic equations, we adopt the 
notation fixed in |J. 
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2. Preliminaries 

In this section we recall a few standard results about viscosity solutions and then prove a basic decay 
estimate for solutions with coefficients with small oscillations and small data. Finally, in Section 12.21 we 
recall some basic definitions concerning a few relevant function spaces. 

2.1. Technical preliminary lemmas. We start recalling a basic result about W 1,q estimates for L p - 
viscosity solutions; its statement is a combination of the results in [4j|3] and [HI Theorem 2.1]. 



Theorem 2.1. Let u be an U '-viscosity solution to F(x,D 2 u) — f in B\, where f G L p (Bi). There is a 



constant 8 £ (0, 1) depending only on n,p, A, A such that if w(l) < 8, then u 6 Wj ''(.Bi) and 



l /i , . x l/p 



(2.1) (/ \Du\ q dx\ <csup\u\+c(-f \f\ p dx) 

\Jb 1/2 J Bi KJb! J 



holds for all 1 < q < np/(n — p) if p < n, and for all q > 1 otherwise, where the constant c depends only 
upon n,p, q, A, A. 

Remark 2.1 (Natural scaling). Let us recall the basic scaling properties of equation F(x,D 2 u) = f; 
indeed, if u is an L p -viscosity solution of F(x, D 2 u) = f in the ball B r (xo) C fi, then u is an L p -viscosity 
solution of F(x,D 2 u) = f in Bi = Bi(0), where 

and = w(rJ2). Here X e <S(n). 

Lemma 2.1. Let u be an L p -viscosity solution to F(x, D 2 u) = f, f € L p (Bi). For every M > 1 anrf e > 
i/iere is a constant 8 £ (0, 1) depending only on 1%, p, A, A, M, e suc/i £/ia£ i/ 

(2.2) ||«IU- (Bl) <M, \f(x)\ p d x y P <8, and u(l) < 6 

hold, then there is a function h solving (F)b 1 {D 2 h) = and satisfying \\u — /i||oo < £■ 
For the rest of the paper, we consider the excess functional 



E q (B) := (^£\Du-{Du) B \ q dx^ 



1/9 



with Bed denoting a ball with positive radius and q > 1 , where in general u is a solution of the equation 
F(x, D 2 u) = /, and its identity will be clear from the context. We then have the following crucial decay 
estimate: 

Lemma 2.2. Let u be an L p -viscosity solution to F[x,D 2 u) = f , f £ L p (Bi). Let n < q < np/(n — p) 
when p < n and q > n otherwise. There are constants 8, a £ (0,1), both depending only on n,p, A, A, q, 
such that 

B g (Bi)<l, (J^ \f(x)\ p dx^ <8, u(l)<6 =► E q (B a )<l/3. 
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Proof. First notice that since p > tie > n/2, it follows that when p < n then we have np/(n — p) > n. 
Therefore the condition n < q < np/(n —p) is non-empty. Without loss of generality, we may assume that 
(u)b 1 = and (Du)b 1 = (otherwise consider u = u— (u)b 1 — (Du)b 1 • x, which solves the same equation 
as u). From Morrey's inequality it follows that 

HU~ (Bl) < c ^£ \Du\ 9 tkj =cE q {B 1 )<c = M 

with c = c(n,q). Thus Lemma 12.11 implies that for any e £ (0, M) we find 9 6 (0,1) and h solving 
(F) Bl (D 2 /i) = such that ||u - h\\oo < e. Since 

II^IU-CBO < HullL-CBO + Htt-ftlU-^) <M + e<2M, 

the C 1 ' "-regularity estimate (see [H Corollary 5.7] and recall that we are assuming F(x, 0) = that implies 
(F)b 1 (0) = 0) for some positive a depending only on n, A, A gives 

INIci.°(B 1/2 ) < c||/l||£«.( Bl ) < cM. 

It follows that there is an affine function i{= h(0) + Dh(0) ■ x) such that \\h — ^\l°°{b^) < cMa 1+a for 
all a G (0, 1/2). Now, u — I still solves F(x,D 2 u) = f and therefore, after scaling in Theorem 12.11 as in 
Remark 1 2. 1[ we obtain 

'£ \D( U -i)\"d X y 9 <^\\u-£\\ L ^ B2a) +ca^£ \f\ p d x y p . 

Inserting here the elementary inequalities 

||« - t\\L^ { B 2a) < \\u - h\\ L ~ (B2a) + \\h- l\\ L ~ (B2a) < e + cMa 1+a , 

' f \ 1/P / r \ l /P 

f \f\ p dx) <ca- n/p (f \f\ p dx) <ca~ n/p e, 

Jb 2 „ J \JB-L J 



and 



we conclude that 



r \ !/<? / r \ 1/3 

j \Du- (Du) B J g dxj ^ 2 yj \D{u-i)\ q dx 



r \ 1/q 

j \Du- (Du) B J q dxj <c{e/a + M<j a + a 1 - n/p 9). 

The result follows by taking first a sufficiently small, then e small (both depending on n, p, A, A, q but not 
on 9) and finally 9 small enough. □ 

2.2. Relevant function spaces. The Lorentz space L(g, 7)(fi), with 1 < q < oo, 0<7<oo and C R™ 
being an open subset, is defined prescribing that a measurable map g belongs to L(q,j)(Q) iff 

(2.3) ^ (X q \{xen : \g(x)\>X}\y /q — <^ 

when 7 < oo; for 7 = 00 the membership to L(q, oo)(0) = 7\4 9 (0) is instead settled by 

(2.4) supA 9 |{:ref2 : \g{x)\ > A}| < 00 . 

A>0 

This is the so-called Marcinkiewicz, or weak-L 9 space. It readily follows for the definitions above that 

(2.5) / £ L(q, 7) => \f\ p € L(q/p, 7 /p) for p < 9 . 
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As for Morrey spaces we have that a map g: R" — > R belongs to the Morrey space L q - S for q > 1 and 
< s < n iff 

sup g s + < oo . 

We finally recall the definition of BMO (Bounded Mean Oscillation) and VMO (Vanishing Mean Oscillation) 
spaces. For a possibly vector valued map g £ L 1 ^), define 

u g (R) ■= sup -f |g-(ff)sjdx. 

B e <zO., e <R J B e 

If Umsup iJ _, w 9 (i?) < oo then g £ BMO(O); if \im R ^ u g (R) = then g £ VMO(O). BMO and VMO 
functions have been introduced in [IT] and [18] , respectively. The borderline role of BMO stems not only 
by the (strict) inclusions L°° C BMO C L q which hold true for every q < oo, but also by the relevant role 
this space plays in interpolation theory and in problems with critical growth, where in many situations it 
properly replaces L°°. 

We remark that the local versions of all the spaces above can be defined in an obvious manner by saying 
that whenever X denotes a function space of the ones considered above, then g £ X(f2) locally iff g £ X(Q') 
whenever ft' g O. 



3. Proof of results 

Proof of Theorem \1.2l Fix q > n. Accordingly, we find 9, a £ (0, 1/2) as in Lemma 12.21 depending only on 
n,p, A, A, q. The assumptions of the Theorem guarantee that for this 9 there is Re > such that uj(Rb) < 9. 
Next, we consider the sequence of shrinking balls Bi := B ri whenever i > is an integer and := erV/2. 
The radius r satisfies r < Rg. Define now, for a positive parameter e, 

i/p 



Consider the scaled solution in u.i = u defined according to the scaling described in Remark 12. 1[ with 
A = At and r = ri. We can apply Lemma 12.21 using also assumption u(r) < 9, and, after scaling back to 
u in Bi and eventually letting e —5- 0, get 

(3-1) E q (B i+1 ) < ^E q {Bi) + U \f{x)\*daS ' ? 

for every i > 0. Adding up the previous inequalities yields 

J+l i 3 . 3 / r \ l/p 



i=l t=0 t=0 



whenever j > so that 



(3.2) 

follows. Using Holder's inequality we also get 



E < o^(Bo) + oflE r M f i^)i Pda; 



Eiw Bi+1 -M Bi i < E / i^-MbJ 9 

i=0 1=0 \"' B > + i 
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J + l 

(3.3) < <r-"/« 5^,(50. 

Now ([3T2 ]) -([33 ]) yield, whenever j > 0, 

j 

\{Du) B]+1 \ < J2\(Du) B i+i {DujBi | + \(Du)b I 

i=0 

< a""/^^^) + |(D U ) B0 | 

VP / /■ \ 1/9 



i=0 

for a constant c depending now only on n,p, A, A, q. Since xq is a Lebesguc point for Du, we obtain 

oo , v l/p , ^ l/q 

|£>w(x )| = lun 1 < C X>< |/0)| p cfej \Du\ q dx 

The assertion hence follows since 

i/p / /• \ i/p 



5> [j B \f(x)\ P dx) =(log2)- 1 ro(^ \f(x)\*dx) 

oo / - \ VP r a' r /2 j 

+(- loga)- 1 53 r» f i/wr^ / - 



2 Q 



1/p 



(3.4) < [(log2)- 1 2-"/f + (-loga)- 1 ( 7-"/^ r (jf |/(*)r<toj d e = c^(x,r), 

where c depends only on n,p, A, A, q as also a depends only on these parameters. □ 

Proof of Theorem ] 1.31 Let f2' <e f2" <s be open subsets and i?^ := dist(£l / , ft") and recall that by Theorem 
ll.2l and a standard covering argument it follows that Du is locally bounded in Q; therefore ||-Dtt||x,oc(n") < oo 
and this number will stay fixed throughout all the rest of the proof. 

The proof goes in two steps: we first prove that Du is locally VMO-regular; then, using this fact and 
the convergence of ll(x, r) to zero as r — > uniformly in x, we shall prove that Du is continuous. In 
the following we keep the terminology and the notation introduced for the proof of Theorem 11.21 above, 
in which we now fix p and q > n, 8, a 6 (0,1/2), both depending only on n,p, A, A, q; moreover, we let 
R:=min{R d ,Re,l}/2- 

Step 1: Local V MO -regularity of Du. We take r € (0, R) and fix for the moment r G [err, r]; note that 
if xo G f2' then B^ r = B2 r (xo) C ft". Define next the sequence of shrinking balls Bi := B n (xo) with 
r L := a % T. Iterating (|3.1j) gives 

i / \ 1/P 

(3-5) E q {B l+l ) < ^ Eq (B o ) + ±pJ-i0- U \f(x)\*dxj 
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for all integers i > and with c = c(n,p,X,A,q), so that, proceeding as in (|3.4p to estimate the last sum, 
we obtain 

(3-6) E q (B l+1 ) < ^\\Du\\ Loe(att) + |i/(x ,2r). 

We are now going to prove that, for a suitable constant c = c(n,p, q, A, A) the following inequality holds 
whenever < g < r < R: 

(3.7) E q (B e (x Q )) < d[^Y WDuW^^,,) + P p (x ,2r) 

where a := — log 3/ log o. Let us first show how the inequality in the previous display implies the VMO- 
rcgularity of the gradient under the assumptions of the theorem; indeed, choose e > and determine 
i?i < R, depending also on e, such that <%.f(xQ,2R\) < e/2, uniformly in xo; then choose R 2 < R\ again 
depending on e, such that c(i?2/-Ri) a ||-DM|U°°(0") < e/2; it turns out that E q (B e (xo)) < e whenever 
B e (xo) C O' and g < R2 and this in fact means that is locally VMO-rcgular. Notice that R2 depends 
only on n,p,q,X,A,e and ||-Dit||z,oo(Q»). It thus remains to show the validity of Q3.7p . To this aim notice 
that it is sufficient to show (|3.T[) for g < or; indeed, in the case g £ [err, r] estimate (|3.7p trivially follows 
by estimating 

E q (B e {x Q )) < a- n ^- a ( Q /r) a E q (B r (x )) =: £/2(g/r) a E q (B r (x )) < c(e/r) a ||D«|| i » (n «)- 

We finally analyze the case g < or. when there obviously exists i > such that cr l+2 r < g < <r l+1 r and 
so that we can write g = <j 1+1 t for some r £ [err, r]. At this stage ()3.7|) follows directly by (|3.6[) with the 
corresponding choice of r. Note that the crucial point here is that (|3.6j) actually represents a family of 
inequalities for the families Bi := S CT i T (a;o), and such inequalities hold uniformly with respect to the choice 
of re [or, r] (and Xq £ fl')- 

Step 2: Continuity of Du. Let 0<g<T<r<R and let j > be an integer such that o^ +1 t < g < o^t. 
Define the dyadic sequence of balls as Bi := B ri (xo), i = 0, 1, . . ., where r 2 ; = o 1 t. Estimating 

\{Du) Be(xa) - (Du) Bj \ < / \Du-{Du) Bj \dx < o- n l*E q {B 3 ) 

JB e (x ) 

leads to (we consider the case j > 1 otherwise we use the previous estimate) 
\(Du) Be(xo) - {Du) Bt(xo) \ 

j—l 00 
< \(Du) Be{xo} - (Du) Bj \ + J2\(Du) Bi+1 - (Du) Bi \ < 2o-- n /«J2 E «( B j) > 

where we applied (|3.3p . Recalling p.2p - letting j — > 00 there - and (|3.4p we get 

IWfl.Cao) - (^«)b t (xo)I ^ c^(B r (.T )) + cl^(x 0j 2r) . 
In turn, merging this with (|3.7p gives 

(3-8) IWw^Klx,)! - c [0" W Du h°°V»)+ U(*o,2r) 

for all xo £ f2' and 0<ci<r<r<i?. Fix now e > 0. Using assumptions of the theorem we first find 
R 3 such that cP p {x ,2R 3 ) < e/2 and then R A < R 3 such that c(R 4 /R 3 ) a ||£>u|| L =(n") < e/2 holds. We 
conclude that 

\(Du) Be(xo) - {Du) BA;Xq) \ < e 
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provided q,t < R4, for every xq G CI'. This implies that ((Du)B e (x ))s<R is a Cauchy net - uniformly 
with respect to xo G Cl' - and as such the limit lim s _>.o(-Du)B s (z:o) exists for every xo G O'. Notice that in 
this way Dm becomes pointwise defined at every point since, as usual, it can be identified with its precise 
representative. Moreover, since the above argument is uniform in xq G Cl' and the maps xq t— > (Du)b s ( xq ) 
are continuous for each fixed s, we immediately conclude that Du is continuous in CI' being the uniform 
limit of continuous maps. Finally, since the choice of CI' is arbitrary we conclude that Du is continuous in 
CI. It remains to prove (|1.4j) . that is, it remains to give an estimate for the modulus of continuity of Du. 
To this aim we start letting g — > in (|3.8[) . thereby getting 

(3.9) 



\Du(x Q ) - {Du) Bt(xo) \ < c \\Du\\ L «>(n") +U{%o,2r) 



for all xo G Ct' and < r < r < R. Next, we consider x\,x 2 G CI' such that \xi — x 2 \ < R/4 and let 
r = 2\x\ — a?2 1- We first estimate 

|D«(a:i)-Dtt(a;2)| < \Du{x x ) - {Du) Bt/2{xi) \ + \Du{x 2 ) - (Du) BrMxa) \ 

+ \{Du) Bt/2{xi) - {Du) Bt/2{x2) \ =: Ti + T 2 +T3 ■ 

The first two terms are bounded above by (|3.9p as follows 

||D«|U-(n«) + %{x u 2r) + i f p {x 2 , 2r) 



Ti +T 2 < c 



where r > r satisfies r < R. For 7a we instead use (|3.7p and get, again for r < r 

\ 1/9 



r 3 < 



\JB T/2 (xi 



< cE q {B T {x 2 )) < 2 

Combining the content of the last three displays gives that 

\x\ - x 2 



Du\ 



L°°(f2") 



(3.10) 



\Du(xi) - Du(x 2 )\ < c 



Du||i-(n«) +l£(xi, 2r) + V p {x 2 ,2i 



holds whenever x\,x 2 G f2' are such that \x\ — x 2 \ < R/4; we recall that R = min{Rd,ReA}/2 is fixed 
in the beginning of the proof. To arrive at (|1.4[) we start by taking r = (2\x\ — x 2 \/R) 5 R/2, which gives 
by (|37T0|) that 



\Du{x{) — Du(x 2 )\ < c 



\x\ - x 2 \ 
R 



(l-S)a 



\Dv>\\l°°(0") + sup lf(x, 2\xi - x 2 \ s ) 



xG{x 1 ,x 2 } 



and consequently (jl.4p follows with a new constant c o 2cR~ a under the condition \x\ — x 2 \ < R/4. Notice 
that here is the point where the additional dependence of the constant c in ()1.4[) on uj(-),Cl',Cl" appears 
via the definition of R. In the case \xi — x 2 \ > R/4 we instead obtain (|1.4j) by simply estimating 

\Du( Xl ) - Du(x 2 )\ < (R/4)- a ^\xt - x 2 \ a ^- s \\Du( Xl )\ + \Du(x 2 )\) 
< 8ie- a |xi-x 2 r (1_4) ||i3tt||£co ( n»). 



This finishes the proof. 



□ 
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Proof of Theorem \1.4\ The proof is a straightforward consequence of the arguments used for Theorem 1 1.31 
Step 1, to which we refer for complete notation used here. Indeed, notice that after (|3.5|) . instead of getting 
()3.6|) . we can also estimate as 

(\ Vp 
<?- n j B \m\ p dx\ . 

and, then, as for Q3.7p , we can prove that 

/ „ \ Vp' 

1 (Q 



(3.11) E q {B g (x )) < ~c 



•/'■i 



(|) ||X>«|U. (n »)+suP (fT" / r l/0=)l p <fc 



holds whenever < g> < 7' < R, again for a constant c depending only on n,p, g, A, A. At this stage in 
order to prove the VMO-regularity of Du we proceed as for Theorem 11.31 Step 1, but using (| 1 .€>[) instead 
of the fact that 1^{xq, r) — s- uniformly with respect to xq when r — >• 0. As for the BMO-rcgularity, this 
immediately follows by (|3 . 11 1) once (| 1 . 5|) is assumed. Finally, observe that in turn (|1.5|) is implied by the 
condition / G L(n, oo) thanks to the classical Holder type inequality for Marcinkiewicz spaces L(n, oo) 
(compare with the definition in (|2.4I) ): 

r \ f \p dx < p/,in r n- P f sup M{x e Br{xo) . \ fl > A}|v»y 

Jb^xb) n-p \\> ) 

which is valid whenever 1 < p < n (see for instance |15j). □ 

Proof of Theorem ] 1.1[ The result is actually a corollary of Theorem 11.31 used for a choice p < n, once a few 
basic facts about Lorentz spaces are used. For this we recall that a basic maximal-type characterization of 
such spaces claims that g e L(q 7 j) for q > 1 and 7 > iff 

i/,V d e 



(3.12) ^ (/W /9 J 7<°°' 

where g**{g) := f? -1 J e g*{t)dt and : [0, 00) — > [0, 00) is the non-increasing rearrangement of g, that is 
g*(s) := sup{/j > : {a; G R" : |g(x)| > t}\ > s} (see for instance (8)). Now let ,9 := |/| p and observe 
that, for every ball B B , we have by the classical Hardy-Littlewood inequality [3] that 



1 



Q 



/ 9(y) dy< — I g*{t) dt < 9**{w n( r 

JB e (x ) U n Q n J 

where w n denotes the measure of the unit ball in R™. Integrating the previous inequality yields in turn 

H(x,r) < f[g**{u n e n )] l ^d e 
Jo 

and changing variables we conclude with 

(3.13) sup %{x,r) < [g**(g)g p/n ] 1/p dg. 

Now (|2.5p in particular implies that if / G L(n, 1) then, = g G L(n/p, 1/p) so that the quantity in the 
right hand side of (|3 . 1 3|) is finite. Keep in mind that this is the point where we need to take p < n in order 
to use the characterization in (|3.12[) with q = n/p > 1. As such, it tends to zero as r — > and therefore we 
infer that I^(x,r) — > uniformly with respect to x when r — >■ 0. At this stage we can apply Theorem 11.31 
to conclude that Du is continuous and the proof is complete. □ 
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Remark 3.1. Combining (|1 .4[) and Q3.13P yields a modulus of continuity for Du in terms of the Lorenz 
norm of \f\ p ■ Indeed, in the setting of Theorem II .31 we get 

\Du(xi) — Du{x2)\ 

<c\\Du\\ LX(n „ ) \x 1 -x 2 \ a ^ +c / W\ p y*(Q)Q p/n } 1/p dQ 

Jo 

for all a;i, %2 € p < n, S £ [0, 1], where c = c(n,p, A, A, f2", w(-)) and a = a(n,p, A, A). 

Proof of Theorem \1.5[ The idea is to use Wolff and Havin-Maz'ya potentials to reduce the study of prop- 
erties of the modified Riesz potential v p to the one of the usual Riesz potentials and then apply standard 
results on their mapping properties to deduce suitable mapping properties of V p \ then estimates (|1.7I) - (|1.8[) 
follow by Theorem II .21 and a standard covering argument. Indeed we notice that 

U(x,r)=u 1 -^wl f ) P (p+1)iP+1 (x,r), 

where the Wolff potential +1 of a measure [i - and therefore of an L -function - /i is defined by 

w S,,+>M-f (^S)' /P 7 ^<0, »/(„ + !>]. 

In turn, a classical fact established by Havin & Maz'ya [TU] is that, for the range of exponents q(= p + 1) 
which is of interest here, Wolff potentials can be controlled by so called Havin-Mazya potentials V ( g. p+ i(/x) 
in the sense that the following inequality holds whenever (3(p + 1) < n: 

(3.14) Wj^for) < c(n,p,0)y p , p+1 {fx)(x) := c{n,p,0)I 
where on the right hand side there appears the standard Riesz potential on M. n : 

(3.15) JgfrOfc) := £ /3G(0,n]. 
Therefore we have 

(3-16) V p (x,r) <V p/(p+1) , p+1 (\f\P)(x) Vr>0. 

Using the previous inequality we deduce that 

(3.17) Ip(-, r) £ L(nq/(n — q), 7) Vr>0 

holds locally by the well-known mapping property of Riesz potentials in Lorentz spaces (see for instance 
[15]). that is 

Ip : L(t, 7) -)■ L(nt/(n - (it), 7) for /3i < n, i > 1, 7 > , 

used first with t = q/p > 1 and then with t = nq(p + l)/[n(p + 1) — q]), with /3 = p/(p + 1), and yet using 
(12. 5[) repeatedly. At this stage (|1.7[) follows from (|3.17l) , Theorem 11.21 - again applied with some p < n in 
the range p £ (rig, n) - and a standard covering argument. It remains to prove (|1.8[) . for which we follow a 
similar path, but this time relying on the following basic result due to Adams [T] describing the behavior 
of Riesz potentials with respect to Morrcy spaces: 

(3.18) g £ L*' s => I f3 (\g\) £ L st ^ s ~^' a KtKa/0. 

The result in (|1.8j) now follows by f|3.16[) and (|3.18[) as for the case of (JTTTJ) and using, repeatedly, the fact 
that g £ Li' 3 implies \g\ p £ L^p- s for p < q. □ 



(MImI)) 1/p (x), 



BORDERLINE ESTIMATES FOR FULLY NONLINEAR ELLIPTIC EQUATIONS 



13 



Acknowledgements. The authors are supported by the NSF grant 0604657, by the ERC grant 207573 
"Vectorial Problems" and by the Academy of Finland project "Potential estimates and applications for 
nonlinear parabolic partial differential equations" . 

References 

[1] Adams D. R.: A note on Riesz potentials. Duke Math. .1. 42 (1975), 765-778. 

[2] Caffarelli L.: Elliptic second order equations. Rend. Sem. Mat. Fis. Milano 58 (1988), 253-284. 

[3] Caffarelli L.: Interior a priori estimates for solutions of fully nonlinear equations. Ann. of Math. (II) 130 (1989), 189-213. 
[4] Caffarelli L. & Cabre X.: Fully nonlinear elliptic equations. Am. Math. Soc. Coll. Publ. 43. Am. Math. Soc, Providence, 
RI, 1995. 

[5] Caffarelli L. & Crandall M. G. & Kocan M. &; Swiech A.: On viscosity solutions of fully nonlinear equations with 

measurable ingredients. Comm. Pure Appl. Math. 49 (1996), 365-397. 
[6] Caffarelli L. & Huang Q.: Estimates in the generalized Campanato-Jotm-Nircnberg spaces for fully nonlinear elliptic 

equations. Duke Math. J. 118 (2003), 1-17. 
[7] Escauriaza L.: W 2 ' n -a, priori estimates for solutions to fully nonlinear equations. Indiana Univ. Math. J. 42 (1993), 

413-423. 

[8] Grafakos L.: Classical and modern Fourier analysis. Pearson Edu. Inc., Upper Saddle River, NJ, 2004. 

[9] Hardy G. H & Littlewood J. E. & Polya G.: Inequalities. Cambridge University Press, Cambridge, 1988. xii+324 
[10] Havin M. & Maz'ya V. G.: A nonlinear potential theory. Russ. Math. Surveys 27 (1972), 71-148. 
[11] John F. & Nirenberg L.: On functions of bounded mean oscillation. Comm. Pure Appl. Math. 14 (1961), 415-426. 
[12] Kilpcliiincn T. & Maly J.: The Wiener test and potential estimates for quasilinear elliptic equations. Acta Math. 172 
(1994), 137-161. 

[13] Kuusi T. & Mingione G.: Linear potentials in nonlinear potential theory. Preprint 2011. 

[14] Kuusi T. & Mingione G.: A surprising linear type estimate for nonlinear elliptic equations. C. R. Acad. Sci. Paris Ser. I 
349 (2011), 889-892. 

[15] Mingione, G.: The Caldcron-Zygmund theory for elliptic problems with measure data. Ann. Scu. Norm. Sup. Pisa 

CI. Sci. (V) 6 (2007), 195-261. 
[16] Mingione, G.: Gradient estimates below the duality exponent. Math. Ann. 346 (2010), 571-627. 
[17] Mingione G.: Nonlinear measure data problems. Milan J. Math. 79 (2011), 429-496. 
[18] Sarason D.: Functions of vanishing mean oscillation. Trans. Amer. Math. Soc. 207 (1975), 391—405. 

[19] Swiech A.: W 1,p -interior estimates for solutions of fully nonlinear, uniformly elliptic equations. Adv. Diff. Equ. 2 (1997), 
1005-1027. 

[20] Trudinger N.S.: Holder gradient estimates for fully nonlinear elliptic equations. Proc. Roy. Soc. Edinburqh Sect. A 108 
(1988), 57-65. 

[21] Trudinger N.S.: On regularity and existence of viscosity solutions of nonlinear second order, elliptic equations. PDE and 
the Calculus of Variations, Vol. II, 939-957. Progr. Non. Diff. Equ. Appl, 2, Birkhauser Boston, Boston, MA, 1989. 

[22] Trudinger N.S. & Wang X.J.: On the weak continuity of elliptic operators and applications to potential theory. 
Amer. J. Math. 124 (2002), 369-410. 

[23] Trudinger N.S. &; Wang X.J.: Quasilinear elliptic equations with signed measure data. Disc. Cont. Dyn. Systems A 23 
(2009), 477-494. 

Panagiota Daskalopoulos, Department of Mathematics, Columbia University, 2990 Broadway New York, NY 
10027, USA 

E-mail address: pdaskalo9math.columbia.edu 

Tuomo Kuusi, Aalto University Institute of Mathematics, P.O. Box 111000 FI-00076 Aalto, Finland 
E-mail address: tuomo.kuusiOtkk.fi 

Giuseppe Mingione, Dipartimento di Matematica, Universita di Parma, Parco Area delle Scienze 53/a, Campus, 
43124 Parma, Italy 

E-mail address : giuseppe . mingioneSunipr . it . 



